Paysics 513, QUANTUM FIELD THEORY
Homework 11
Due Thursday, 4™ December 2003

JACOB LEwWIS BOURJAILY

The Dirac Propagator
a) The Dirac propagator is defined as the time-ordered two point correlator

Sela — v = O @i}y = { OOl o> 0

We are to evaluate Sg(x — y)qp for a free Dirac ﬁeld w
Let us first compute this for the case when z° > y°; the other case will follow trivially from
symmetry arguments. Dropping all obviously zero terms, we may immediately write that
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Now, we see that when 3° > ¥, the propagator will involve the sum over spins of the v spinors
which will give a —(i & + m). This minus is cancelled by the minus in the definition of the
two-point correlator.

S Sp(x =y a = (i@ +m)wD(y —z) |y° > 20
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b) We are to show that the Dirac propagator is a Green’s function. Let us write the propagator as

Sr(z = y)ar = 0(” = y°) (0lva (@) ()|0) — 0(5° — 2°) (01 (y)va(2)]0).

When we act on this with (i 9 — m), it is clear that much of the mess that follows can be
greatly simplified by simple considerations. First, note that by the chain rule we will have to
have terms where the partial acts on the Heaviside function multiplied by the correlator together
with terms where the Heaviside function is multiplied by the partial acting on the correlator.
The —m term will come through the Heaviside functions and the net effect will be to have terms
similar to (i@ —m) (0|1 ()1 (y)|0) which will be identically zero by Dirac’s equations. The only
terms left will be the partial derivatives acting on the Heaviside functions. This can be further
simplified because 90(x° — y°) = —90(y° — 2°). Therefore the entire operation reduces to

(i — m)Sr(z — y)ap = i7°0(z° — 1) (0| {a (), s (y) }|0),

= i7°6(2° — y°) (0[{a (), ¥ (4)7°}0),
=i(7)%0(2° = y°){va (@), v} (1)} (0]0),
= i0(2° — y")dP (T — )0,

(i@ —m)Sp(x — y)ap = i0W (& — y)dap.
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c)

d)
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We are to solve the equation for the Green’s function equation by introducing the Fourier trans-
form

Sc(g; — y) p = / ﬂSC(p) be_ip(x_y)
a c (27_[_)4 a ?
and express our answer in terms of the scalar propagator

d*p i .
D )= [ 22" —ipla—y)
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This can be done in a rather straight-forward way. We will write the Green’s function equation
of part (b) in terms of the prescribed substitution for S¢ (2 — ) ap-

- m)/ i Sc(p)ae™ P = i6W (2 — y).
c(2m) ‘

We can of course bring (p — m) inside the integral and it is clear that the only way for this

identity to be true is if

@5 - m)gc(p)ab = 1.
If this is the case than the exponential will reduce to a simple Dirac delta functional multiplied
by ¢ which is precisely what we want. So
~ 1
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We are to use the identity
Dp(z —y) = 0(2° —y°)D(z —y) + 6(y° — 2°)D(y — 2),

together with the relation derived in part (c) to reproduce the results of part (a).
Let us first write out our explicit formulation of the Dirac propagator.

Sp(z —y) = (iP +m) (0(z° — y")D(z — y) + 0(y° — 2")D(y — 2)) .

Like before, we will use argumentation to reduce the problem rather than writing out explicit
terms. When we act with the partial derivative operator on the Heaviside functions, we get a
relative minus sign between the two terms and they will exactly cancel. They did not cancel in
part (b) because there was already an inherent minus sign between the two terms. Now, because

they begin additive, they will cancel. The net effect will be to bring our entire operator (i@ +m)
inside the Heaviside functions completely. This will result in

Sp(z —y) =0(z" —4°)(i@ + m)D(z — y) + 0(y° — 2°)(ip + m)D(y — ).

If you look at the two derived terms in part (a) they are identical to the equation above.
Therefore, we nearly trivially reproduce the results of part (a).



PHYSICS 513: QUANTUM FIELD THEORY HOMEWORK 11 3

Mott’s Formula (II)

In homework 9, we derived Mott’s formula (the relativistic Rutherford formula). We are now to derive
it by considering the spin-averaged amplitude squared of the scattering of an electron with a muon in
the limit that the mass of the muon is much larger than the energy of the electron.

a) We are to compute the spin-averaged amplitude squared for e~ scattering for general m, and

my,.
Let us compute this directly.
o
; P ie? — (1 —( 1./
iM= Srulp )y ulp)uk’)yuu(k).
e u

We can compute the spin-averaged square of the amplitude directly. This becomes

4
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464 TN ‘v 2 / / / 2 /
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8 4
M2 = 764 (- K)+ @ -E)p- k)@ k) —mi(p-p) —mi(k-k)+2mim?] .

b) Taking the limit where m, is large, we can consider the case that the center of mass frame of
the collision is the muon’s rest frame. Therefore, we have that k ~ k' = (m,,, 6) E represents
the energy of the electron. In this case, we can drastically simplify our kinematics.

p-k=Em, k-E =m? p~p,=E2—ﬁ];/=E2—ﬁZCOSQ.

"
We can use this to directly write our spin-averaged squared amplitude
8et
IM|? = o [QEQmZ — mi(E2 —p2cosh) + mzmi] ,
16¢*
= mi f (E2 — % sin? 6/2),
q
_ m2 64
M2 = —HE (1 - 3?sin?0/2) . . }
M 3P 2sin* 0/2 ( / ) omep €der der€an

In the last step we reduced the formula to one which will greatly help us in part (c) below.

c) We are to derive Mott’s formula by taking the limit where m,, is very large in the center of mass
frame. As we stated before, this approximation is identical to assuming that the center of mass
frame is actually the rest frame of the muon so our amplitude calculated in part (b) is correct
to the second order. We know that the final velocity of the muon is zero and that the center of
mass energy is approximately m,, (to the first order) in this frame so we may write,

do| 1 171
dQ|,,, 4E.Ep|vg — vp| (27)24Eep,

o 1 |p] mie‘l 2 . 2
~ 4Em,pB (2m)24m,, 325 2sin 6/2 (1= Fsin%0/2),

e

= 1— 3%sin%60/2
167r24ﬂ2;5'2sin49/2( §sin”0/2),

o

om 4029 2sin6/2

(M2,

do

o5 (1 - B%sin?0/2).
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